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In this note we give a description of the representation of the wreath
product Sn[G] of the symmetric group Sn and a finite group G on the
homology of the product of n copies of a partially ordered set (poset for
short) P on which G acts as a group of automorphisms. In the sequel all
posets will be finite. We will consider three types of product constructions.
The direct product P_Q of two posets P and Q is the poset on the
Cartesian product P_Q whose order relation is defined by (x, y)(x$, y$)
if and only if xx$ in P and yy$ in Q. In case a poset P contains a least
element 0 , we write P_0 } } } _0P
n times
for P_ } } } _P&[(0 , ..., 0 )]. If, addi-
tionally, P contains a largest element 1 we write P_0, 1 } } } _0, 1P
n times
for
P_0 } } } _0 P
n times
&[(1 , ..., 1 )].
The order complex 2(P) of a poset P is the set [x1< } } } <xn | xi # P]
of all chains in P. This is a simplicial complex and thus we may speak
about the reduced simplicial homology H i (2(P)) or H i (P) for short. We
will always assume that the coefficients of the homology are in a field K of
characteristic 0.
Article No. 0013
174
0097-316596 12.00
Copyright  1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
* E-mail address: sheilaparis-gw.cs.miami.edu.
- E-mail address: welkerexp-math.uni-essen.de.
F
ile
:5
82
A
26
24
02
.B
y:
B
V
.D
at
e:
02
:0
1:
00
.T
im
e:
07
:1
8
L
O
P
8M
.V
8.
0.
P
ag
e
01
:0
1
C
od
es
:
32
94
Si
gn
s:
24
67
.L
en
gt
h:
45
pi
c
0
pt
s,
19
0
m
m
In the theory of arrangements of linear subspaces in Rn some important
classes of arrangements give rise, via formulas of Orlik and Solomon
[O-S] and Sundaram and Welker [S-We], to the following problem.
Assume that G is a group of automorphisms of the poset P. Assume further
that the symmetric group Sn acts on the n-fold product P_ } } } _P (resp.
the products _0 and _0, 1) by permuting the coordinates. The action of
these two groups induces an action of the wreath product Sn[G] on the
poset-products. This in turn induces a representation of Sn[G] on
H
*
(P_ } } } _P) (resp., the products _0 and _0, 1). Now the formulas
[O-S], [S-We] reduce the computation of group representations on the
cohomology of certain manifolds which are complements of subspace
arrangements to a determination of the Sn[G]-representations on the
homology of the n-fold powers of suitable posets P. In general, for each
class of posets the determination of the G-representation on H
*
(P) is a
separate problem. But once this is known, it remains to use this as the
ingredient for the Sn[G]-representation on the homology of the n-fold
power of P. For special cases (i.e., Cohen-Macaulay [Su1] posets and
some subposets of the partition lattice [Su2], [S-Wa]) this has been done.
We will provide a general solution to this last step. The result may be
regarded as a homological and representation theoretic version of the result
by Bjo rner and Walker [B-Wa] and Walker [Wa]. But it should be men-
tioned that only some tools in their proof are compatible with the Sn[G]
action. Moreover, care is needed since some of the standard isomorphisms
from homological algebra turn out not to be Sn[G]-equivariant. In the
following we use \[,] to denote the representation of the wreath product
G[H] which is constructed as \,n in the usual way [J-K] [Section 4.3]
from the representation , of H and \ of G. We write 1Sn for the trivial and
sgnSn for the sign representation of the symmetric group Sn . We use the
convention H &1(<)=K and H i (<)=0 if i>&1.
Theorem 1.1. Let P be a poset with least element 0 and greatest
element 1 . Set Q=P&[1 ] and R=Q&[0 ]. Let G be a group of auto-
morphisms of P, which acts on the homology of P in dimension r by the
character /r . Let i1.
(i) There is a canonical (G_ } } } _G)-isomorphism of Hi (R_ } } } _R
n times
)
with

m1+m2+ } } } =n&m0n
*=(1m1, 2m2, ...) |&i \
n
m0 , m1 , m2 , . . .+ } \}r0 (Hr(R))
}mr+ .
The group Sj[G] acts on (H r(R)) 
j by sgnSj[/r] if r is odd and 1Sj[/r] if
r is even.
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(ii) There is a canonical (G_ } } } _G)-isomorphism of H i (Q_0 } } } _0 Q
n times
)
(i &1) and

m1+m2+ } } } =n
*=(1m1, 2m2, ...) |&i+n+1 \
n
m1 , m2 , . . .+ } \}r1 (H r&2(R))
}mr+ .
The group Sj[G] acts on (H r(R)) 
j by sgnSj[/r] if r is even and 1Sj[/r] if
r is odd.
(iii) There is a canonical (G_ } } } _G)-isomorphism of
H i (P_0, 1 } } } _0, 1P
n times
) (in&2) and

m1+m2+ } } } =n
*=(1m1, 2m2, ...) |&i+2 \
n
m1 , m2 , . . .+ } \}r1 (H r&2(R))
}mr+ .
The group Sj[G] acts on (H r(R)) 
j by sgnSj[/r] if r is odd and 1Sj[/r] if
r is even.
Proof. First we point out that the well known isomorphisms [B-Wa],
[Wa] for the homology of the respective product posets are compatible
with the action of the n-fold power G_ } } } _G. In particular, the restric-
tions of the Sn[G]-action described in (i)(iii) to the n-fold power (i.e., the
base group) coincides with the correct G_ } } } _G-representation. Let ,
denote the Sn[G]-representation on the homology in either case. We
restrict , to G_ } } } _G
n times
. Let { be an irreducible component of this action.
Hence {=\1  } } } \n for irreducible representations \i of G. Let D be
the centralizer of this representation in Sn[G]. Thus by the theory of
wreath product representations, there is an irreducible D-representation \D
such that the induced representation ind Sn[G]D \D \1  } } } \n is an
irreducible summand of ,. But by Clifford theory this irreducible summand
of , equals h # Sn[G]D {
h. By comparing dimension we get dim \D=1.
Since D=Sn1[G]_ } } } _Snk[G] for suitable ni , n1+ } } } +nk=n,
resDSn1_ } } } _Snk {=,1  } } } ,k , where ,i is either the trivial or the sign
representation of Sni . Hence the representations ,i are determined by their
character values on transpositions. Thus by the first part of (i)-(iii) it
suffices to consider the case n=2.
Assume n=2. We start with the situation of part (iii) of the theorem and
reduce the problem step by step to the situation in (i). Assume first that R
is nonempty. In particular Q_0 Q is nonempty.
The complex 2(P_0, 1 P) is the union of the complexes 21=2(Q_0 P)
and 22=2(P_0 Q). Obviously S2 interchanges 21 and 22 . The intersection
176 note
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21 & 22 is the (nonempty) order complex 2(Q_0 Q) of Q_0 Q. Thus there
is a Mayer-Vietoris sequence:
} } } w

* H i (21 & 22) w
i
* H i (21)H i (22) w
j
* H i (21 _ 22) w

* } } }
The map i
*
is induced by the chain map i: c [ (c, &c) and (by the Zig-
Zag-Lemma) 
*
is induced by i &1 b  b j &1. Thus i
*
and 
*
commute with
the S2 action only up to tensoring with the sign representation. We obtain
the following S2[G]-equivariant Mayer-Vietoris sequence:
} } } w

* sgnS2 H i (21 & 22) w
i
* H i (21)H i (22) w
j
* H i (21 _ 22) w

* } } }
On Q_0 P the map f: (x, y) [ (x, 1 ) is monotone, idempotent and its
image is isomorphic to P&[1 ]. Hence f is a closure operator. It is well
known (see e.g. [Qu]) that then the complexes 2(Q_0 P) and 2(Q) are
homotopic. The complex 2(Q) is a cone over 0 . Thus 2(Q) and 2(Q_0 P)
are contractible. In particular, 
*
is an isomorphism of S2[G]-modules.
The assertions of parts (i) and (ii) are obvious when R is empty. In this
case there is a similar Mayer-Vietoris sequence for the complexes 21
and 22 , but in non-reduced homology. Since their intersection is empty,
and these complexes each consist of a point, all terms of the sequence
vanish except in degree 0, and then the Mayer-Vietoris sequence shows
that j
*
(induced by (c1 , c2) [ c1+c2) is an S2[S1]-isomorphism between
H0(21 _ 22) and H0(21)H0(22)=KK. In particular S2 acts on
H0(21 _ 22) as the regular representation, and hence on the 0th reduced
homology as sgnS2 , which is precisely the assertion of part (iii).
Thus we may henceforth assume R{<. Now we consider the S2[G]
representation on H r(Q_0Q). This is the case n=2 of part (ii) of the
theorem.
Let 11 be the order complex of R_Q and 12 the order complex of
Q_R. Then 11 _ 12 is the order complex of Q_0 Q and 11 & 12 is the
order complex of R_R. Again there is a Mayer-Vietoris (R{<) sequence:
} } } w
j
* H i+1(11 _ 12) w

* sgnS2 H i (11 & 12) w

* H i (11)H i (12) w
j
* } } }
The map f : Q_R  Q_R that sends (q, r) to (0 , r) is a closure operator.
Thus f induces a deformation retraction and the ith-homology of 12 is
carried by i-cycles [0 ]_c, where c is a cycle in the ith-homology of R. Let
c be an i-chain in R. Then [0 ]_c is homologous to any i-chain c$ in the
order complex of Q_R whose projection on R is c. Let c$ be an i-chain in
R_R and let ck denote its projection on the k-th coordinate, k=1, 2. Then
i
*
(c$) is homologous to (c1_[0 ], &[0 ]_c2). But this shows that i* is
surjective. Therefore the above Mayer-Vietoris sequence is actually a short
exact sequence.
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Hence we have reduced the computations to the determination
of the S2[G] representation on Hi (R_R). Let _ be a simplex in
2(R_R). Then the map g: |2(R_R)|  |2(R)|_|2(R)| that sends the
point (x, y) # _ t(x, y)(x, y) in the geometric realization |_| of _ to
((x, y) # _ t(x, y)x, (x, y) # _ t(x, y)y) is by [Wa] a homeomorphism. The
map g is S2[G]-equivariant. Thus g induces an S2[G]-isomorphism of
homology modules. It remains to determine the S2[G]-representation on
Hi (X_X) for a G-CW-complex X. For a CW-complex X we denote by
D(X) its cellular chain complex and by Di (X) the i-chains. Let | (resp., {)
act on D
*
(X)D
*
(X) (resp. D
*
(X_X) by interchanging coordinates.
Following Munkres [Mu, Proof of Theorem 61.2] there is a commutative
diagram (of G_G-maps) induced by
(&1)l } j } | {
(Dl (X)Dj (X) ww
+
Dl+ j (X_X)
Dj (X)Dl (X) ww+ Dl+ j (X_X)
where + is the Eilenberg-Zilber map, between D
*
(X)D
*
(X) and
D
*
(X_X), that sends cc$ to c_c$. By Munkres the maps
+ b ((&1) l } j } |), and { b + are chain homotopic. In particular,
(+ b ((&1) l } j } |))
*
=({ b +)
*
: H
*
(X_X)  H
*
(D(X)D(X)). By the
Eilenberg-Zilber theorem, the map +
*
is an isomorphism. Thus,
{
*
(c_c$)=+
*
b ((&1)l } j } |
*
) b +
*
&1(c_c$)=(&1) l } j } (c_c$).
By the Ku nneth theorem there is an isomorphism 3 of the ith-homology
of D(X)D(X) and l+j=i Hl (D(X))Hj (D(X)). The map 3 sends
[cc$] to [c] [c$]. Let S2 act on l+j=i Hl (D(X))Hj (D(X)) by
sending [c] [c$] to [c$] [c]. From the calculation of the representa-
tion of S2 on Hi (D(X)D(X)) we infer that 3 is an S2[G]-isomorphism
from Hi (D(X)D(X)) to
:
l } j even
l+j=i
Hl (D(X))Hj (D(X)) :
l } j odd
l+j=i
sgnS2 Hl (D(X))Hj (D(X)).
Thus S2[G] acts on Hr(X)Hr(X) by sgnS2[/r] if r is odd and by 1S2[/r]
if r is even. K
Finally we give some examples to demonstrate the applicability of
Theorem 1.1. We retrieve the Sn[G]-representations for some products,
which so far had been treated separately, each with a different proof. The
first corollary is a special case of [St, Theorem 4.3].
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Corollary 1.2. The homology of the Boolean lattice Bn vanishes except
in dimension n&2. For n2 the reduced homology H n&2(Bn) is one-dimen-
sional and affords the sign representation.
Proof. The proper part of B1 is empty. Thus H i (B1)=0 for i0 and
H &1(B1) is the (necessarily) trivial 1-dimensional S1-module. The result
follows by an application of Theorem 1.1 (iii) for P=Bn=_ni=1B1 , r=&1
and Sn $Sn[S1]. K
The next example deals with subposets of the lattice >n of (set-)parti-
tions of the n-element set [1, ..., n]. The relevance of the corresponding
homology representation occurs in connection with the determination of
the Sn-representation on the complement of the braid arrangement [O-S].
It is well known that H i (6n){0 if and only if i=n&3 and
dim H n&3(6n)=(n&1)!. We say that a partition ? # 6n is of type
*=(1m1, ..., nmn) |&n if there are exatly mi blocks of size i in ?. Let ? # 6n
be a partition of type *=(1m1, ..., nmn) |&n. Then the lower interval
[0 , ?]=[{|0 {?] in 6n is isomorphic to the direct product
6*=_ni=1 6mii , here we set 61 to be the one-element poset in which 0 and
1 coincide. The subgroup S*=_ni=1 Smi[Si] acts on [0 , ?] and therefore
on H i ([0 , ?]).
Corollary 1.3 [L-S, Theorem 4.5]. Let *=(1m1, ..., nmn) |&n be an
integer partition of n. Then the representation of S* on H *(6
*) is given by
1Sm1[?1]sgnSm2[?2]1Sm3[?3] } } } , where ?n denotes the Sn -representa-
tion on H n&3(>n).
Proof. This follows directly by an application of Theorem 1.1 (i). K
Other posets where the methods described above can be applied are:
v Let 6(1n&k, k) be the lattice of partitions in 6n such that ? # 6(1n&k, k)
if and only if each block of ? is either of size 1 or of size k or bigger. For
k=2 we retrieve the full partition lattice 6n . The lattice 6(1n&k, k) was first
considered in connection with a problem in complexity theory [B-L-Y],
later it turned out to be of interest in connection with the study of subspace
arrangements [B-We], [S-We]. Let ? # 61n&k, k) be a partition of type *.
The poset [0 , ?] is again a direct product _ni=1 6mi(1i&k, k) . If ik then
6(1i&k, k) is the one-element poset in which 0 and 1 coincide. The sign
twists can then be deduced from Theorem 1.1 (i) (this was first proved in
[S-Wa]).
v Let 6 (kl) be the lattice of all partitions ? # 6n for n=k
l such that
all block of ? have size divisible by k. Again let ? be a partition of type *.
In [Su2, Theorem 5.3] Sundaram gives a formula for the representation
of S* on H *([0
 , ?]). The poset [0 , ?] decomposes into a product
179note
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_li=1 6mki(ki) . Here 6(k) is the one-element poset where 0 and 1 coincide. We
obtain the same information by a simple application of Theorem 1.1 (ii).
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